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00 This paper calculates the general form of a 5d metric when fundamental string and momentum 
^ ', charges are added. This is accomplished using the standard method of boosting and T-dualising a 
' solution to Einstein's equations, where the solution has three Killing vectors and is expressed in a 
^ ' generic form. The thermodynamical properties of the charged solution are derived and the physical 

■ implications of the solution are then examined with the two-charge dual spinning black ring being 
used as an example. 



1. Introduction 



The development of string theory, along with its implication that there exist more than three 
spatial dimensions, has led researchers to investigate solutions to general relativity in more than four 
dimensions. The majority of the effort has been focussed on finding solutions in five dimensions, since 
this is the next simplest scenario, and several black hole [U |21 El H] and multi-black hole [SI El El E] 
solutions have been discovered. These solutions can be characterised as having either topology 
or S'^ X topology (or a combination of the two in the case of the multi-black hole solutions). The 
discovery of a black hole in five dimensions with a non-spherical topology was remarkable because 
in four dimensions all of the black hole solutions have a topology of S*^ and are described in terms 
of the mass, angular momentum, and charge. A comprehensive review of all the higher dimensional 
black hole solutions is given in 

Asymptotically flat black hole solutions are of interest since there is a microscopic understanding 
of the origin of their entropy. Strominger and Vafa were the first to investigate this in \IQ\, where 
they examined a class of supersymmetric spherical 5d black holes with non-zero charge and showed 
that it was possible to derive their entropy by counting the degeneracy of BPS states. Further work 
building on this has been done for black holes with both and S"^ x topology in papers such as 
[TTl IT^ [131 HH m [IS] . These papers examine a mixture of charged and neutral black hole solutions 
with the charged solutions calculated for each specific metric. The procedure presented in this paper 
gives a five parameter metric which can be used to analyse the microscopic origin of the entropy for 
a much broader range of black hole solutions, since the only constraint on the uncharged starting 
metric is that it has three Killing vectors. 

Although the method in this paper has already been used to find charged versions of the Myers- 
Perry and the singly spinning black ring, it hasn't yet been used to generate charged solutions for the 
doubly spinning black ring and other recently discovered multi-black hole solutions. Given that the 
procedure for adding string charges to a neutral metric is virtually identical for all asymptotically 
flat metrics it seems useful to give the solution in as general a form as possible. The first part of this 
paper gives the necessary theory for adding charges to a generic metric with three Killing vectors 
before going on to apply the results to the specific case of the doubly spinning ring. 

The doubly spinning ring was chosen because it is the next simplest black hole solution for which 
a charged version has not been calculated and its properties examined. The singly spinning ring 
with an event horizon of 5*^ x 5*^ was discovered by Emparan and Reall in 2001 [5], with the rotation 
being in the direction. Indeed, in order for it to remain stable it had to rotate at a specific speed 
determined by the geometry of the ring. Unfortunately, their solution didn't allow for the ring to 
rotate in the 5*^ direction which one would assume the most general solution should. A black ring 
solution which did allow for the ring to rotate freely in both the S"^ and directions was discovered 
in 2006 by Pomeransky and Sen'kov [3]. 

Despite being algebraically more complicated than the singly spinning ring, Pomeransky and 
Sen'kov were able to present the solution in a reasonably compact form, thus allowing other authors 
to examine the physical properties of the ring, such as in [7] and [9]. The solution derived by 
Pomeransky and Sen'kov was only specified for the balanced dual rotating ring where the angular 
parameters are chosen such that the ring is balanced. The unbalanced solution for doubly rotating 
rings had already been calculated in [TB] , which concurs with the respective limit of a more general 
solution given in [4j . The solution of Morisawa et al. permits both balanced and unbalanced rings 
and allows a more thorough analysis than for the Pomeransky Sen'kov black ring as it is possible to 
look at the limits of the doubly spinning ring where it is inherently unbalanced, as well as the limit 
where the ring "collapses" to the spherical Myers Perry black hole. 
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Although a two charge solution hasn't previously been calculated for the doubly spinning ring 
using the method presented here, a three charge solution to minimal supergravity has been calculated 
in [T7] . Their method produces a three charge version of the doubly spinning black ring with all of the 
charges being equal. This differs from the results presented in this paper, as the method presented 
here allows the two charges to be set independently of one another. It is possible in principle to add 
a third charge through a further series of dualisations and boosts but the unavoidable by-product of 
adding the extra charge is the introduction of Dirac-Meisner string singularities (as is seen in [T7]), 
so the three charge metric is not considered in this paper. 

The first two sections of this paper are concerned with developing the procedure whereby string 
and momentum charges are added to a generic five dimensional metric. The basic idea is to lift the 
neutral metric to ten dimensions by adding five extra fiat dimensions, and then applying a series of 
boosts and T-duality transformations to the metric. The ten dimensional metric is then Kaluza-Klein 
reduced back down to five dimensions with the boosts in the extra spatial dimensions appearing as 
fundamental string and momentum charges. The resulting charged metric is then presented, along 
with a derivation of the physical properties of this generic charged solution. 

The third section is concerned with the Pomeransky Sen'kov dual spinning ring solution. The 
dual spinning black ring metric is presented along with some explanation of the adapted coordinates 
which are used. A brief recap of some of the relevant physical properties is also giver0 before 
presenting the two charge dual spinning ring metric and its associated fields. 

The final section of this paper looks at the physical properties of the two charge generic metric 
derived in section [3l using the dual rotating black ring as a specific example. The charged solution 
has two extra parameters relating to the two string charges, so the physical properties of the charged 
metric are compared with those of the neutral starting metric for different values of these charges. 
The differences between the generic charged metric and the neutral metric are independent of the 
form of the original metric coefficients so the analysis can be applied to any metric that is charged 
up in the manner described in section El 

2. Theory of Generating Charges 

Having obtained a solution to Einstein's field equations, it is possible to generate a supersym- 
metric solution that has different charges corresponding to the different string sectors. The method 
presented here, which adds charges to a generic uncharged metric, is essentially the same as that 
presented in p!8l [T9] and more pertinently applied to the singly spinning ring in [T2] . The main idea 
is to lift the five dimensional metric to ten dimensions through the inclusion of five fiat dimensions, 
which will be labelled as {w,6,7,8,9}. The w dimension is singled out as this plays an important 
part in constructing the charges. The remaining four dimensions are compactified on a and 
play a passive role in the generation of the various charges. Having constructed a ten dimensional 
metric, the application of a series of boosts and duality transformations will then produce a new 
solution to the string equations of motion. Once this is done, the ten dimensional solution can then 
be Kaluza-Klein compactified to reduce it back down to the desired five dimensional metric with 
various string charges. 

Any solution to Einstein's equations will automatically satisfy the equations of motion for low 
energy superstrings when lifted to ten dimensions, as long as the gauge fields are turned off. This 

""^A more detailed analysis of the physical properties of the dual rotating black ring solution can be found in [7]. 
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can easily be seen by examining the action for the low energy NS-NS superstring, when compactified 
on 

^6 = ^ / d^xV^e-^* + 4(V$)^ - ^H('^') (1) 

where $ is the scalar dilaton, is related to the six dimensional Planck length, and H^^^ is a 3-form 
flux given by H^^^ = dB^^\ where B^^^ and F^^^ are 2-form fields that couple electrically to the dual 
rotating ring. The four extra fiat dimensions have been suppressed here as they don't enter into any 
of the subsequent calculations. If $ and B are set to zero then the action given by ([T]) reduces to 
the Einstein-Hilbert action for a six dimensional metric. 

The charges are produced by Lorentz boosting the six dimensional metric in the w direction to 
produce a black-string or black-tube, depending on the topology of the starting solution. This is 
achieved via a coordinate transformation where ai is the boost parameter. This gives the solution 
linear momentum in the w direction but in order to create a non-trivial charge a subsequent T- 
dualisation must be performed. The application of the T-duality transformation converts the type 
IIA solutioiil with linear momentum, to a type IIB solution with a fundamental string charge. The 
T-duality transformations are given by [20] 

yww yww 
gap 9aP - { — } B^^ ^ (2) 

B^p ^ B^p - 2^^^^^ $ ^ $ - i \ogg^^ 

1^ 1^ (Jww ^ 

Having T-dualised the metric, a second charge can be added by boosting again in the w direc- 
tion, with parameter a^- This gives a black tube with linear momentum in the w direction and a 
fundamental charge F{w). To obtain the five dimensional solution with two charges it is then simply 
a case of KK reducing this lOd metric along the w direction. 

In order to carry out the KK compactification, assume that the w direction forms a circle of 
radius i?^. The Kaluza-Klein ansatz is then given by 

= g^^dx^dx" + e^^^dz + A^^^dx^'f (3) 

where the Greek indices cover {t,p,z,ip,(j)} and the Latin indices cover {x^,w}. Here, e^'^ = g^w and 
is a 1-form field, induced by the compactification of the six dimensional metric, which sources 
the P{w) charge. 

Applying ([3]) to the 6d action ([T]), gives 

S, = ^j d^Xv/^e-2*+- (r^^) + 4(V$)2 - 4V$Va - - \e^'^{F^^^f - -e-^-{F^^)f\ (4) 

where k\ = k\/ (2ttR^) and the superscript has been dropped where it is obvious that the fields 
are now five dimensional. 

The reduction of the string action to five dimensions has created two new fields F^ and F^'^^ 
where F^l^ = d^^A^J^ - (9^A« and F^^) = ^^^(2) _ ^^^(2)^ ^^^^i /ijf) = B]^2- The three form H has 
now picked up a Chern-Simons term, so is now given hy H = dB — A^ A F^ . 

^This is not a unique choice since the starting solution can equally be thought of as a type IIB solution. In which 
case, the T-duality transformation would produce a type IIA solution with fundamental charge. 
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It is possible to transform the string action into something more hke the Einstein action by 
defining an effective dilaton $e// = $ — ct/2, thus allowing the string metric to be transformed into 
the Einstein frame via (7^^ = e~3*<=/7(^^^^ This means that the action in the Einstein frame becomes 

S, = ^ [ d'x^ + 4(V<I>)2 - 4V$V(7 - ^H^ - ie2-(F(i))2 - le~^-{F^^))A (5) 

Note that all of the fields inside of the brackets have also changed with the change of frame. 



3. Charging Up A Three KiUing Field Metric 



3.1. The [F(w),P] Charged Metric 

Having established the formalism required to charge up a metric which solves Einstein's field 
equations, it is now possible to apply it to a general metric with three Killing vectors. Any metric 
with three Killing vectors given by dt, d^, and can be written in the form 

ds'^ = gttdt^ + 25ft0dM0 + g^^dcj)^ + 2gt^dtdi) + g^^dip'^ + 2g^^dipd(l) + gppdp^ + gzzdz^ (6) 

where all of the metric functions g^^^ are solely functions of p and z. The non-Killing directions p 
and z are inspired by the canonical coordinates used in the inverse scattering technique, although 
the form given in ^ differs in that gpp and g^z are not necessarily equal, allowing any three Killing 
vector solution to be used. 

It is now possible to charge up this general metric, using the technique of boosting and T-dualising 
described in the previous section, to give a solution to type IIB string theory with fundamental and 
momentum charges in the w direction. Having done this, the new 6d charged metric is given by 



ds' 



' {Qwwgtt cosh^ a2 + sinh^ a2)dP' + 2gt^gyj^ cosh ai cosh a2didtp+ 

'^gt4,gww cosh «! cosh a2did(f) + {gwn,g^i,^i, cosh^ ai + (s'ttfi'vv " gl-ip) sinh^ ai)d?/i^ + 

'^{gttgww + 1) cosh a2 sinh a2didw + 2{g^y,g^^ cosh^ ai + {gttg^^j, - gt^^g^) sinh^ ai)dV^d0 + 

'^gt^gww cosh ai sinh a2di)dw + {gwwg<t><t> cosh^ ai + {gttgct><t> - gt<f>) sinh^ ai)d0^ + 

"^gt^gmw cosh «! sinh a2d(j)dw + (cosh^ a2 + gwwgtt sinh^ a2)dw'^ + gppdp^ + gzzdz^ (7) 



guiw cosh^ ai + gtt sinh^ ai 



with the auxiliary two form field given by 



gtip sinh ai sinh a2 
gujw cosh^ «! + gtt smh? ai 



^ _ gt<t> sinh ai sinh a2 

^"^ g^y, cosh^ «! + gtt sinh^ ai 
D (5^u,^„ + s-tt) sinhai coshai 

ij^t ~ 2 2 l-'-Uj 

gww cosh «! + gtt sinh ai 

5ft^ sinh «! cosh q;2 

-D,r,J, = —r^ ii 



gyjyj cosh «! + gtt sinh ai 



_ gft0 sinh Qi cosh 

5f^^„ cosh ai + smh ai 
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and the scalar dilaton given by 



-2<S> 



g^j^ cosh^ ai + gtt sinh^ ai 



(13) 



The metric given in ([7]) only has a fundamental charge in the w direction, so to create the P(iy) 
charge the metric has to be Kaluza-Klein reduced back down to five dimensions. In practice, the 
supplementary w dimension is always added to the metric by setting g^yj = 1 so, for the sake of 
simplicity, this constraint has been applied in all of the following equations. Bearing this in mind, 
the compactified [F(w),P(tf)] charged metric in the string frame is given by 

^•^5 ~ , {h2{gtt cosh^ a2 + sinh^ a2)dP + 2/i2 cosh ai cosh a2{gti(>did'ip + gt(f,did4>) 



— sinh^ a2 [{gtt + 1) cosh a2dt + gt^i, cosh aidip + gtcj, cosh aid0]^ 
+E^^dij'^ + 2E^^di)d(i) + E<^<^d0^| + gf.pdp^ + g^zdz^ 



where 



cosh^ an + gtt sinh^ 



E, 



ho 



gf,y cosh^ ai + {gttgtiv - gti^gtu) sinh^ ai 



(14) 



(15) 
(16) 



and yU G {ip, (/)}. 

The compactification of the six dimensional metric has introduced two new 1-form fields A*^^^ 
and A^'^\ as well as the 2-form field -B, and the scalar field These 1-form fields are given by 



hi 
1 



h. 



(1 + gtt) sinh ai cosh aidt + gt^j, sinh cti cosh a2d'ilj + gt^j, sinh cti cosh Q;2d0 (17) 



1^1 + gtt) sinh 0^2 cosh a2dt + gt^i) sinh ^2 cosh aidip + (^f,^ sinh 02 cosh ai 



with the two form B being reduced to 



gt^ sinh ai sinh 02 



The dilaton is unchanged by the compactification process so with g^jy^ 

e~^* = cosh^ ai + gtt sinh^ ai = hi 

and the other scalar field, introduced by the compactification, is given by 

2^ _ cosh^ a2 + gtt sinh^ a2 _ h2 
cosh^ ai + gtt sinh^ ai hi 



(19) 

1, it is now given by 

(20) 

(21) 



3.2. Physical Properties of The Charged Metric 

The process of charging up the metric only affects the metric coefficients involving t, ip, and 
0, so any of the properties of the metric that depend upon the coefficients involving p and z are 
unchanged. In most cases this means that the position of the event horizon is unchanged, since 
the coordinates of the neutral metric are usually chosen so that the event horizon is described by 
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a hypersurface where one of the non-Kilhng directions is held constant. This is exemphfied by the 
dual rotating ring, described in the next section. Having said this, the addition of string charges to 
the neutral metric does alter the thermodynamic properties of the metric. 

If the mass, angular momenta, and area of the neutral metric are given by M, J^, J^, and A 
respectively, then it is possible to calculate how these will change with the addition of extra charges. 
It is assumed in the following that the metric given in ([6]) is asymptotically flat, which in turn implies 
that the charged metric ([7]) is also asymptotically flat. 

For an asymptotically flat metric, the ADM mass can be derived by examining the gu coefficient 
near asymptotic infinity. This function will then fall off as 

8GM / 1 \ 

9u = -l + ^ + 0(-) (22) 



at infinity, so the Taylor expansion of the metric function can then be compared to this and the mass 
M extracted. Since the charged metric is also asymptotically fiat, its mass can be calculated in a 
similar manner. Expressing the g^i coefficient of the charged metric in terms of the original metric 
gives 

9u = 7^ (23) 

If it is assumed that gu takes the form given by ( |22l) . then the above equation becomes 

_ 4GM(cosh2ai + cosh 202) 

9u = - + ^2 +••• ( ) 

Comparing this with (l22l) . the charged metric mass M can be defined as 

M 

M = y (cosh 2ai + cosh 2^2) (25) 

The angular momenta in the and (p directions can be calculated using a similar process, but 
this time comparing the different coefficients for gt^p and gt<i) respectively. The necessary expressions 
for the charged metric coefficients are given by 

_ 5't0coshaicosha2 ^25) 



hih 



2 



gt4, cosh tti cosh 02 
= 

In this case, the form of the gt^p and gt^ coefficients at infinity is 

~ ^ + O {^) (28) 

where /i G Bearing this in mind, the charged metric coefficients after substituting for gu 

from ([22]) become 

g^;p = cosh «! cosh a2 + ••• (29) 
g^^ = ^ cosh ai cosh ^2 + ■•• (30) 
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These equations can then be compared with fl28l) to construct expressions for the charged metric 
angular momenta 



J,f> = J(/,coshai cosha2 (31) 
Jt/j = cosh a 1 cosh ^2 (32) 

Unfortunately, the above method cannot be used to calculate how the area varies when string 
charges are added to the neutral metric, since the area is given by 

^ = / = / \/ 9zz [gipip9<i,<t> - 9ip<j,] (33) 



where 7 is the induced metric on the horizon, the integral is taken over the event horizon and it is 
assumed that the horizon is a hypersurface of constant p. This integral is problematic because of 
the terms in the square root, which make it difficult to compare with any corresponding expression 
derived by substituting in the charged metric coefficients. A more useful form for the induced metric 
is derived in Appendix A. 

Re-writing the integral in terms of this new expression for the induced metric and transforming 
to the Einstein frame gives 

= / \^T^ = / ^ ^gl^^^"^ {dti,^ 9t^ - 9^<pgtt + gt4,^ 9tip - 9^^9tt) (34) 

Having re-expressed the area integrand in a more manageable form it is now possible to substitute 
for the charged metric coefficients obtained by comparing ([6]) and (IT^ . After substituting for the 
various metric factors, the area of the charged metric becomes 

= j -^/It^ cosh «! cosh ^2 = cosh «! cosh ^2 (35) 

It was shown in [2T] that the horizon entropy is invariant under duality transformations and thus 
invariant for all varieties of string charge. This implies that the expression for the horizon area is 
definitive for all two charge metrics. 

Having charged up the metric, it is necessary to calculate the conserved charges associated with 
the two 1-form fields A^^^ and A^'^\ In general the gauge charges in five dimensions are given by 

where F = dA^^^ and the e~^*' factors, obtained by inspection of the Kaluza Klein reduced action 
given in (jl]), are 

$1 = $ + ^ $2 = $- Y (37) 

The integral given in ( !36|) has to be taken over a three sphere at infinity, so to simplify the 
algebra, it is convenient to work in spherical polar coordinates where (p, z) — (r, 6) with t, ip, and 
(j) remaining unchanged. This means that the only pertinent component is -kFglp^, since the integral 
has to be taken for a constant t and r cross- sect ion. Furthermore, the components of •kF^'^^ only 
need to be known at asymptotic infinity, so only the first order terms of the Taylor expansion at 
infinity need to be considered. The -^Fglj,^ component can immediately be reduced to the sum of 
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three terms, by virtue of the metric having three Kilhng vectors and ggt = since there is assumed 
to be no rotation in the 6 direction. This gives 



1 



geegipipg<j>(j}^''^^'^'^ Frt + geegti!tg(f>(j}G^^^^^ Frip + gergipipgcfxp^^^^^'^ Fet (3 



where i^'^P^'^ is the Levi-Civita tensor density and e^^'^^'f' = 1. 

The leading order terms for the metric functions can be determined by considering the asymp- 
totic expansion at infinity of the general spherical five dimensional metric given in [1]. This series 
expansion indicates that the metric coefficients at infinity are unchanged by the process of adding 
charges to IQ, which allows (IHSI) to be simplified further because it is now evident that the g^t and 
gor coefficients are zero at infinity. Substituting the leading order terms for g^^, g^^, gg^, and g into 
(158]) gives 

^ Fljll^ = -r^ sin 6 cos ^F^f (39) 

To obtain an expression for Frt = Or At — dtAr at infinity, it is necessary to substitute for gu from 
(1221) to give 

A^f' = ^ — sinh ai cosh ^ sinh cosh (40) 



This then allows Frt to be calculated 



Putting this together with (l39l) gives 



(i) 8GM , , , 

F^l^ = -——smh2ai 41 



* F^t = ^ smh 2a, (42) 

The e~^*' factors will both go to one by virtue of them being functions of hi, which go to one at 
infinity, as is easily verified by substituting for gtt from (l22l) and taking the limit as r — > cx). This 
now allows the integral given in ( l36i) to be evaluated, and the conserved charges to be calculated, as 

AGM 

Qi = ^—smh2ai (43) 



4. The Two Charge Dual Rotating Ring 



4.1. Neutral Dual Rotating Ring 

The dual spinning black ring was first presented in a paper by Pomeransky and Sen'kov [3] for 
the equilibrium ring with a mostly negative signature. The form of the metric used in this paper 
differs from their version as it has a mostly positive signature, as well as a few other differences. 
The coordinates and ip have been interchanged so that ip corresponds to angles on the in 
accordance with the single spinning ring. The constant k has also been rescaled so that when i/ — 0, 
k is equivalent to the ring radius parameter R used in [22J. A side effect of the re-scaling of k is 



9 



that the values given below for the thermodynamic properties will disagree by some power of 72 
with equivalent values presented elsewher^. Bearing all this in mind, the dual rotating ring metric 
is now given by 



H{y,x) 
dx^ dy^ \ 



H{x,y) H{y,x) 
k'^H{x, y) 



^ F{y,x)d<i? ^ 



H{y,x) Giy)J 



(44) 



where 



A;A J2(l + z/)2 - 2A2 r 



H{y,x) 



(1 — x'^)y\^d(f) 

l + y)[l + X-u + x^yiy{l - X - u) + 2vx{l - y)] d^ 



G{x) 
H{x,y) 

J{x,y) 
F{x,y) 



(1-A + z/) 

(1 - x'^){l + Xx + vx^) 

1 + - + 2Az/(l - x^)y + 2a:A(l - yV^) + x'^y'^v{l - X^ - z/^) 
k^{l - - y^)X^ [1 + A^ - z/2 + 2(x + y)Xv - xyu{l - A^ - z/^)] 



{x — y)^{l — vY 



[x - y){\ - z/)2 

G{x){\ - y') {[(1 - vf - X\l + yX[l -X^ + 2u- Sz/^]} 
+G{y) {2X^ + a;A[(l - uf + A^] + x%l - vf - X\\ + v) 
WX{\ - A' - 3z/' + 2v^) - x^{\ - v)v{X^ + - 1)} 



45) 

(46) 
(47) 

(48) 



(49) 



This form of the metric has been specially chosen so that when ^ the singly rotating equilibrium 
ring given by Emparan and Reall in [22] is recovered with A replacing u. 

Apart from the parameter re-scaling, the other properties of the dual rotating ring metric are 
identical to those given in the literature i.e. the horizons are at 



Vh 



-A ± yX^ - 4z/ 
2^ 



(50) 



where y is restricted such that — oo < y < —1 and the ring parameters A and ly are constrained as 
< z/ < 1 and 2^/u <X<l + u. 

As for the singly spinning ring, infinity is where x = y = —1 and the centre of the ring is at 
X = 1, y = —1. A more detailed indication of the contour lines of constant x and y is given in 
Appendix B. The dual rotating ring is asymptotically flat in the limit where x = y = —1 permitting 
the asymptotic coordinates [7] 



X = —1 -\ —a cos u 



y 



-1 —a sm 



where 



1 + z/- A 



a 



X 



(51) 



(52) 



^To convert between the values presented here and those in [7] it is necessary to replace each instance of k in this 
paper with 
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In these coordinates < r < oo and < 6 < 27i and asymptotic infinity is approached as r oo. 

Applying the coordinate transformations given by (!^T|) to (jH]) gives the physical properties of 
the dual rotating ring 

^' = 2G(1-A + .) 

7rAA;3(l + A - 6z/ + i/^ + Az/)y2^(l + i/)2 - A2 
■^'^ " 2G'(l-z/)2(l-A + z/)2 ^^^^ 



7rAfcV2z/^(l + z/)2 - A2 
= G{l-vY{l-\ + v) ^^^^ 



and the area of the event horizon is given by 

_ 8V27r2fc3Ay,(l + A + z/) 

[F(w),P] Dual Rotating Ring Metric 

The full lOD type IIB string solution for the dual rotating metric, after substituting in (^^, is 
given by 



2 "^2(1/, a;) 2 -ff(?/,a;) (cosha2dt + sinh«2dtt;) 



2 



mi{x,y) rni{x,y) 
H{y, x) (cosh Q;2dt + sinh a;2dw + Q cosh ai)^ 



mi{x,y) 

, , , , F(y,x) , ,n k'^H(x,y) ( dx^ dw^ \ 



^m2(a^y)^^2 ^ 2 cosh ^2 sinh [H{y, x) - H{x, y)] ^^^^^ ^^^^ 
mi{x,y) mi{x,y) 



where 



nin^x, y) = H(y, x) sinh^ a„ — H{x, y) cosh^ (58) 

The four additional dimensions have been suppressed for brevity, but they are given by g^j^u = Sfiu 
where fj,,^ = 6, 7, 8, 9. The additional fields, introduced through the duality process are given by 



-\/2A;A?/v^sinhQ;i sinha2Vl + A + uy/l — A + z/(x2 — 1) 

mi{x,y) 

V2kWl + A + z/(l + y)[{\ + u- l)(yx2 z/ — 1) + 2z/(l — X + xy) — 2] sinh ai sinh a2, 

mi{x, ?/)a/1 — a + z/ 



^(6) ^ V .^fv/vx/vi^ 011111 cti 011111 u:2V ± T /\ T V -L - /v T - -l; ^^^^ 

^(6) _ V ^f^/v V x -r /V -r i^yx -r c/; [i^/v -r — ±j\^y^ f — xj^t ^i^yx — -p j.c/; — 011111 u^i onin "^2 ^^^-^ 



(6) _ sinh fti cosh [H{y, x) - H{x, y)] 

mi[x,y) 

(6) v^fcAy^z/sinh «! cosha2"\/l + A + z/-\/l — A + z/(a;2 — 1) 

^/2k\{l + y) a/I + X + v[{\ + v - l){yx^u- 1) + 2z/(l - x + xy) - 2] cosh as sinh 

mi{x, y) Vl — A + z/ 
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and 



2$ _ rm{x,y) 

H{x,y) ^"^^ 

In this metric, the canonical coordinates have been replaced with the toroidal (x, y) coordinate^ 
which may be concerning, since the derivation of the previous section was in terms of the (p, z) 
coordinates. Fortunately, all of the transformations used to charge up the generic metric were 
independent of these coordinates, so they can be transformed with impunity. 

In order to calculate the various physical properties of the charged ring it is necessary to now 
reduce the metric back down to five dimensions. This has already been done in (Hj), so substituting 
for the various metric coefficients and transforming to the Einstein frame give^ 

^ 2 [{H{y, x) — H{x, y)) cosh a2 sinh a2<it + H{y, x) sinh a2 cosh aiVtf' 

^ (■mi{x,y)m2{x,y))'^^^H(x,yy/^ 



m2{x,y) 



1/3 



mi{x,yyH{x,y)^ 



m2{y, x)dt^ + H{y, cosh^ ai + 2H{y, x) coshai cosha2^dt 



^ 1 /3 

' mi{x,y)m2{x,y) \ F{x,y) ^^^^ _ o ^i^^v) _|_ F{y,x) 

H{x,y) J [H{y,x) H{y,x) H{y,x) 

(65) 



k'^H{x,y) 


/ dx2 


dy'\] 


{x-yni-uy 


[g{x) 


G{y))\ 



The 1-form gauge fields are now given by 



(1 



At 



(1 



A 



A? 



A^I 



[H{y, x) — H{x, y)] cosh a2 sinh a2 
ni2{x,y) 



k\^2{l + uY - 2X^{1 +y)[l + \-u + x^yu{l - \ - u) + 2ux{l - y)] sinh cosha;^ 

(l-A + z/)m2(x,y) 

k\x 2{l + vY — 2A^(1 — x^)-UA/z/sinhQ;2 coshoi 

V V ; V )yy j 1 ^^^^ 

(69) 



m2{x,y) 

[H{y, x) — H{x, y)] cosh ai sinh ai 



mi{x,y) 

^/2kX{l + y)Vl + A + 1/ [(A + z/ - l){yx^u - 1) + 2z/(l - x + xy) -2] cosh a2 sinh a^ ^^ 



■mi{x, y)V^ — X + u 
^/2k\y sinh ai cosh a2-\/l + A + uy/l — A + z/(a;^ — 1 



mi{x,y) 
The 2-form field is given by 



(71) 



^ y^kXyy/u sinh ai sinh 02^1 + A + uy/l — A + z/(x^ — 1) 

mi{x,y) 

V2kX^/l + X + u{l + y)[{X + iy - l)(?/xV - 1) + 2z/(l - x + xy) - 2] sinhai sinha^^ 

^t^p = . , 1"3) 

mi[x, yjy/l — X + u 



^The transformations used can be found in [3] 

^Inspection of the il function shows that this metric is free from Dirac-Misner singularities. 



12 



and the scalar functions are given by 



_2$ mi{x,y) 2a m2ix,y) 



e— = -ttPt = (74) 



5. Physical Properties of the Generic Charged Metric 

Having obtained the metric for the [F(w),P] charged black ring (1651) and the more general two 
charge metric f|T^ . it is now possible to work out some of the physical properties of these solutions. 
In fact, most of the distinguishing features of the charged solutions are the same as for the neutral 
solution: the x, y (or p, z for the general solution), and coordinates vary over the same ranges, 
any physical constraints on the original neutral metric will be unchanged e.g. the limits on A and v 
are exactly the same for the two charge black ring, and the horizons will still be given by g^^ = 
or in the case of the charged ring (150|) . The reason that these properties are unchanged for the 
charged solution is because they all depend, to some extent, upon the gpp and g^z coefficients of 
the metric, which are unaffected by the boost and T-duality transformations. The addition of the 
charges does have some effect on the ADM mass, angular momenta, and the area but these have all 
been calculated in ( |25l) . ( |32l) . and ( l35l) respectively. The conserved gauge charges for the charged 
metric have also been calculated in (H3i) and are explicitly given by 

4G 4:G 
Qi = —Mo sinh 2ai Q2 = t^Mq sinh 2^2 (75) 

OTT 671 

It is worth noting that the charges are directly related to their respective boosts, which verifies the 
physical picture of the linear momentum being exchanged for winding charges when the metric is 
T-dualised. 




increased, with ai = 02 = 1, |, ^, ^ from the top right to the bottom left respectively. 
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To get an idea of how the behaviour of the charged solution differs from that of the neutral 
ring, it is a good idea to plot some phase diagrams showing how the physical properties, like the 
angular momentum and horizon area, vary with the charge. To this end, the charged dual rotating 
ring solution given in (|65l) will be considered. The phase space of the dual rotating black ring has 
been fairly extensively studied in [7] and [9], so the following discussion will concentrate on where 
the behaviour of the charged dual rotating ring (and hence the more general solution given by (JT^ ) 
departs from that of the neutral ring. 

Before plotting the various physical properties, it is beneficial to re-define them so they are scale 
independent. The obvious candidate for fixing the scale is the ADM mass, so expressing the angular 
momentum and horizon area in terms of this, along with the conventional normalisation, gives the 
following relations 

.2 ^ 277rJ^ ^ ^ [3 A 

^ 32GM3 16V7r(GM)3/2 ^'^> 

The square of the angular momentum is given above because it is more convenient to plot in terms 
of j^, since it is always positive. For the neutral ring, and are constrained such that 

<\ (77) 

This means that the angular momenta can never be equal and jip/j^p < 1/3 for all permissible values 
of u and A. The constraints on and are dependent on the form of the metric coefficients, 
with the constraints on the angular momenta for the dual rotating ring being a consequence of the 
restrictions on A and u. In general these restrictions will always have to be calculated for each given 
metric. 

As can be seen by examining (!32l) and ( |35l) . the only difference between the angular momenta 
and area of the neutral metric and the charged metric is a factor of cosh ai cosh a2, which is the 
same for J^, J^, and A. When these are combined with the ADM mass to give the dimensionless 
quantities of fl76|) . the relationship between the neutral metric physical properties and the charged 
metric physical properties is 



2\/2 cosh «! cosh a2 
(cosh 2ai + cosh 20:2) 



0'' ^} = — : , ^ N(3/2) ij'' a} (7J 



where the tilde denotes the charged angular momentum and area. Unfortunately, because the factors 
are all equal for the various quantities they all tend to cancel out, meaning that the physics of the 
charged metric is very similar to that of the neutral metric. This is exemplified by the fact that the 
maximum and minimum of j is exactly the same as for the neutral metric, no matter how large the 
charges are. This is because the multiplying factor varies between and 1. 

The multiplying factor in (178|l encodes all of the differences between the properties of the charged 
metric and the neutral metric. The denominator of the multiplying factor in fTTHj) is larger than the 
terms in the numerator for all > so this factor has a maximum of 1 for ai = a2 = and then 
exponentially decays toward as the charges are increased. This means that the charged metric 
angular momenta and horizon area will always be smaller than the corresponding neutral metric if 
only the charges are varied. In the case of the dual rotating black ring, this agrees with the intuitive 
interpretation of the ring being balanced by the charge as well as the angular momentum. The 
charge helps to balance the tension trying to collapse the ring and thus allows a ring that would 
otherwise be unstable, if only balanced by the centrifugal force, to remain in equilibrium. 
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The form of the expressions for the angular momentum shows that for any given ring, as the 
charge is increased the angular momentum in the and the ip plane will have to decrease for the 
ring to remain in equilibrium, with the speed of the rotation decreasing as the charge increases. 
Unfortunately, since the multiplying factor in ( ffSl) only asymptotically approaches zero, there is 
no way that the ring can only be balanced by rotation in the (p direction, or by the charge alone. 
In order for the angular momentum in either direction to reach zero, the charge would have to be 
infinite. 

Figure [T] shows how the ring area a varies with for various different values of ai and 02- The 
curves are constrained so that = 1/500. The effect of increasing or decreasing ai or 02 is to move 
the phase curve closer or further away from the origin respectively. It doesn't matter whether ai 
or a2 is varied, since the factor in (|78l) is symmetrical under interchange of ai and 0:2. The basic 
effect of varying the charge is to replicate the phase curve of a neutral ring with larger other 
than that, the phase curves are identical in shape to those of the neutral ring. This behaviour can 
be generalised to any other metric given by ffT^ but, obviously, the physical interpretation would 
depend upon the physics of the neutral metric (E]). 

To find the point where the black ring angular momentum in the ip direction is minimized and 
the area maximized it is necessary to deploy a Lagrange multiplier to fix whilst is minimized. 
Doing this gives the value of A in terms of i' where and hence a are maximized. Unsurprisingly, 
this gives exactly the same expression as for the neutral ring, where 

X = ^(^-l-iy + ^{9 + u){l + 9u)^ (79) 

This is because the form of and is exactly the same, so any factors that are introduced by 
ai cancel out completely. 




D 02 04 OG 08 1 

V 

Figure 2: This plot shows how the minimum angular momentum along the reduces as the charge is increased from 
ai = a2 = 1 through to ai = a2 = 2 in increments of 0.2. The highest curve represents the smallest total charge and the 
lowest curve represents the largest total charge. 

Figure [2] gives some examples of how the ring angular momentum decreases as u ^ 1 i.e. 
as the rings get fatter, and decreases for all u as the charge is increased. Although the minimum 
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angular momentum curves for larger values of ai and a2 seem to be approaching = rapidly, 
they will only ever asymptotically approach it. This means that even though the addition of a small 
charge will significantly decrease the angular momentum needed for the ring to remain balanced, 
it will never sustain a balanced ring without angular momentum in at least the direction. The 
variation of the angular momentum with the charge is similar for a generic metric but the form of 
the plots will obviously vary. 




Figure 3: This plot gives the lines delimiting the phase space of the charged ring when the charges are equal for 
cki = Q!2 = 0,0.2,0.4,0.6,0.8 from top to bottom respectively. 

Figure [3] shows the phase space of the charged black ring for against for various values of 
«! and a2 ranging from to 0.8. For any given charge, the permissible values of and are those 
that are enclosed by the curve and the axis. Values of and j^p outside of this enclosed region 
are not physically permissible. As with all the other plots, the increased charge has the effect of 
decreasing the angular momentum, so the larger the charge the smaller the range of the permissible 
angular momenta in the ip and directions. 

To analyse the extremal doubly spinning ring, it is necessary to substitute A = 2^/l'. For this case, 
the analysis of the charged version proceeds in a similar manner to that of the non-extremal doubly 
spinning ring. The mass, angular momentum and horizon area are still given by the expressions in 
fl25p . and which differ from the uncharged versions by functions only involving coshai 

and cosh Thus all of the physical properties, that depend upon the charge, will vary in the same 
way as previously described. 

6. Conclusions 

This paper was principally concerned with constructing a two charge supersymmetric string 
solution given an initial solution to Einstein's field equations. It then used the dual rotating black 
ring found by Pomeransky and Sen'kov in [3] as an example of how the general method can be 
applied to obtain specific solutions. The generic charged metric and its physical properties were 
derived in section [3l before going on to present the dual spinning black ring metric at the beginning 
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of section HI This allowed the various physical properties of the charged metric to be examined using 
the dual rotating black ring as an example. 

Section [2] explained the theory behind converting the original five dimensional solution to Ein- 
stein's equations into a form that is suitable to be manipulated using the string theory techniques, 
as well as setting out the required formalism. The technique involves lifting the metric to ten di- 
mensions, boosting the metric, T-dualising to obtain a fundamental charge, and then boosting again 
to produce a second charge. The resulting solution is then Kaluza-Klein compactified back down to 
five dimensions, so that the physical properties of the solution can be explored. The first part of 
section [3] defined a generic starting metric and then applied the above techniques to generate a new 
solution with fundamental and momentum string charges. 

The second part of section [3] derived the physical properties of the charged metric in terms of 
those of the neutral metric. The analysis showed that the ADM mass, angular momentum, and the 
horizon area of the charged metric were directly proportional to the respective quantities for the 
neutral metric with the multiplying factor being a function of the boost parameters used to generate 
the charged solution. The derivation of the conserved charges showed that the gauge charges were 
related to the boost parameters by a factor of sinh 2a, where a is the boost parameter. 

SectionHlpresented the neutral dual rotating black ring solution, along with some of the associated 
formalism. This consisted of the thermodynamic quantities of the black hole, along with a brief 
description of the parameters and the toroidal coordinates used to describe the solution. The second 
part of this section applied the charging technique to the dual rotating black ring to obtain the five 
dimensional charged metric in the Einstein frame, along with all its associated fields. This involved 
deriving the ADM mass, angular momenta, event horizon area, and canonical charges. 

Section looked at how the addition of the string charges varied the physical properties of the 
generic black hole solution, and the dual rotating black ring in particular. It was found that the 
addition of the charges had little effect overall with the angular momenta and area being the only 
properties that were affected. In general the area and angular momenta were reduced as the charges 
were increased but the angular momentum could never be decreased to zero for finite charge. This is 
because the area and angular momenta of the charged solution only differed from those of the neutral 
solution by a multiplying factor which was a function of the boost parameters. This multiplying 
factor decayed exponentially from 1 when the charges were set to zero and asymptotically approached 
for large values of the boost parameters. 

It was shown that the behaviour of the charged black ring was virtually identical to that of 
the neutral ring, with the charge playing a similar role to that of the angular momentum in the 
neutral case. This was as expected but it was shown that the charged ring must have non-zero 
angular momentum in the ^l) and direction to remain balanced. As the charge is increased, the 
angular momentum required to keep the ring in equilibrium decreases exponentially but only ever 
asymptotically approaches zero. This was born out by the phase plots of the charged black ring 
angular momenta, which were identical in form to those of the neutral black ring but were shrunk 
by a factor depending upon the charges. 

This work looked at the charged metric when fundamental string and momentum charges were 
added but it is possible to generate a [-D1, D5] charged solution by carrying out some further duahty 
transformations. It would be interesting to see whether it would be possible to extend the methods 
used in this paper to charge up the generic metric, given at the beginning of section [3l to produce a 
generic [1^1,1^5] solution. It is possible to do this when the specific form of the metric coefficients 
are known (such as in [12]) but this requires some of the 2-forms, generated from the original metric 
coefficients, to be differentiated and integrated. Given this, it is not immediately obvious whether 
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this method could be apphed to a generic metric solution. The [Dl, D5] solution would have exactly 
the same physical properties as the solution presented here, but it would provide a broader basis 
for the investigation of the microscopic entropy of black hole solutions. 



7. Appendix A: Derivation of the Induced Metric on the Event Horizon 
for a Generic Metric 



The relationship between the area of the charged metric and that of the neutral metric appears 
to be simple but substitution of the charged metric coefficients in terms of the neutral coefficients 
doesn't immediately give the desired relationship between the two horizon areas. Instead, consider 
the determinant of the neutral metric (EI) 
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9t^ 








dti) 




9ii(t> 








9t(t> 




9h 

















9pp 

















9zz 



Hp, z) 



(80) 



where A(/9, z) is an arbitrary function depending on the metric coefficients. It is only a function of 
the variables p and z, since the other coordinates can't appear in the metric coefficients by virtue 
of their being Killing vectors. 

A little manipulation shows that the Qpp and Qzz coefficients can be factored out to give 





9tt 


9ti) 


9t<t> 


9pp9zz 


9t'4> 




9i><t> 




9t(f> 


9i>(t> 


9<f><f) 
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This can then be rearranged to give 



9tt 


9tip 


9t4> 


9ti} 


9^1)^1) 


9i>4> 


9t<t> 


9'^<t> 


9<t>(t> 



A{p,z) 9''Hp,z) 



m 



9pp9z 



9z 



where it is assumed that the event horizon is a hypersurface of constant p. In this case g'''' = so, 
after expanding the determinant, the above equation gives an identity relating some of the coefficients 
in the neutral metric. 



9tt{9^->p9<i»j> - 9I4,) - 9l4,9H + '^9tij9t^9i^(l> - 91^9^^ — 



^3) 



The main difficulty in calculating the area in terms of the metric functions is due to the square 
root in the integral. The only non-trivial way to eliminate this is to express the determinant of the 
induced metric in a manifestly squared form. To do this complete the square on the metric given in 



ds^ = gtt dt + 



9t4>dilJ + 



{gt^dip + 9tcf>d(t>y 



9tt 



9tt 



+ 2g^^diljd(f) + g^^dip"^ + g^^d(f)^ + gppdp'^ + g^zdz'^ 

(84) 
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Armed with this expression and the identity given in (183|) . it is now possible to express the 
determinant of the induced metric in a manifestly squared form 

= 9zz 



9tip9t<i) 9tjij ( 9t(t> \ 9t(i, ( 9t^ \ , [ 3t<l> \ [ ^*V' 

^ - " ■ ■ g^ij^ + g^^ g^^ 



gtt gtt \gtt ' ' j gu \gtt ' ' j \gtt J \ gtt 

g'iipg'i^ , c^gtipgitt, ( gtii>gt(f> \ ( gtii>gt(i) \ 

2 ^ ~ 9i'<l> 

gtt gtt \ gtt J \ gtt J 



^5) 



Now consider 

,2 \ 



gt<i> \ ( 9t^ \ ( gti,gt<t> \ , 2 \ gt^i^gn - ^gti>gt<t,giJ4> + fl't^fl'V"/' /o^n 

5'<A0 g^^i^ ~ fi'V"/' - [gipipgH~gi)<i>) 

gtt J \gtt J \ gtt j gtt 



which goes to zero by virtue of ( l83l) . It is also implicitly assumed that the particular metric under 
consideration represents a rotating black hole, so that -/->■ and hence gu 7^ cxd. 
Simplifying and expanding the remaining terms for 7 gives 

7 = {gt^\/gt^ - g^dtt + gt<f>^Jgt^ - g^^t) (87) 

where ( l83|) has been used again to give 

2 2 2 2 2 / \ 

- g^^gt4>gtt - gcp^gtipgtt + g<t>'t>gi>i>gtt = gi><j>gtt ~ '^gii-pgtipgt.pgtt (88) 

This then implies 



7l = — — {gti^Jgld, - g^gtt + gttpJgfi^ - g-^-^gtt ) (89) 
gtt 

which is a much more useful form for comparing the neutral metric area with the charged metric 
area. 



8. Appendix B: Contour lines in the Dual Rotating Metric 



To get an idea of how the dual spinning ring coordinates (x, y) span the space it is possible to obtain 
the flat space metric by taking (jH]) and setting A = 0. Having done this, the ring metric becomes 



(X -t/)2(l - u) 



(1 + z/)(l + ux^y"^^ 
_ (l-a;2)(l + z/x2) 
(1 + z/)(l + ux'^y^) 



-dx'^ + (l - x'^){l + uy^)d(j)^ 



dy^ 



y^){l + ux'^)dij^ 



Comparing this with the five dimensional fiat space metric in spherical polar coordinates 

ds"^ = -df + drl + r^d02 + drl + rldip"^ 



(90) 



(91) 
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allows the transformations between ri and r2 and x and y to be determined. These are 



ri 



(x - y)y/l - V 



r2 



[X 



y)VT 



(92) 



Theoretically these coordinate transformations can be used directly to plot lines of constant x and 
y. In practice it is more useful to transform coordinates once again to get r and 6 in terms of x and 
y. The ri, r2 coordinates are related to the r, 9 coordinates by 



2 2,2 

r = + r2 



k^{l + u){x + y) 
{x-y){l - v) 
r2 (?/2 - 1)(1 + 



ri 



x2)(l + Z/?/2) 



(93) 
(94) 



Having obtained these coordinate transformations it is now possible to plot the contour lines for 
constant x and y. A sample plot for z/ = | is given in figure HI 




-1 




Figure 4: A two dimensional cross-section of constant and ^JJ (as well as the antipodal points 4> + tt and ip + tt) of 
the {x,y) coordinates. The red through yellow lines show the lines of constant y from -5 through to -2 respectively and 
the black lines show the x contours. The vertical axis on this plot corresponds to asymptotic infinity at y = — 1 and the 
horizontal axis corresponds to .t = ±1. 

Unlike in the singly rotating ring, the contour lines of constant y are now elliptical, rather than 
circular. This is due to the factors of u that appear in the coordinate transformations. If u is set 
to zero then the ellipses become circles, as one would expect since the u —>■ limit of (jH]) reduces 
to the singly spinning ring metric. As u is increased from zero, the ellipses become more elongated 
and the contours of constant y become wider spaced. 
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